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KEY CONCEPTS

Polynomial |

Algebraic expression containing many terms is called Polynomial.

e.g 4x*+3x3-7x2+5x+3,3x3+x>-3x+5
f(x) = ap + arx + ax? + azx® +..... A X "L +apx"
where x is a variable, ap,a1, a .......... aneC.
1.1 Real Polynomial : Let ag, a1,a2.....a, be real numbers and x is a real variable.
Then f(X) = ap+ a1 X + a2 X2 +..... + a, X" is called real polynomial of real variable x with real coefficients.
eg. — 3x3 — 4x? + 5x — 4, x>~ 2x + 1 etc. are real polynomials.

1.2 Complex Polynomial: If ap,ai,az...an be complex numbers and x is a varying complex number, then
f(X) = ag+ arX + axx? +...... apx" is called a complex polynomial of complex variable x with complex coefficients.

eg.- 3x2 - 2+ 4 i) X + (5i-4), x3 -5ix? +
(1+2i) x+4 etc. are complex polynomials.

1.3 Degree of Polynomial : Highest Power of variable x in a polynomial is called as a degree of polynomial.
e.g. f(X)=ap+aix+ax?+azx3+....an-1X" +ax"is n degree polynomial.
f(x) = 4x3 + 3x? — 7x + 5 is 3 degree polynomial
f(x) = 3x — 4 is single degree polynomial or Linear polynomial.
f(x) = bx is odd Linear polynomial

Quadratic Expression

A Polynomial of degree two of the form
ax? +bx + ¢ (a=0)is called a quadratic expression in x.

e.g X+ TIX+5, x2—7x+3

General form: - f(x) =ax®+bx+c

wherea, b,ce C anda=0

Quadratic Equation

A quadratic Polynomial f(x) when equated to zero is called Quadratic Equation.
e.g 3?2+ 7x+5 =0, —9®+7x+5=0,
X2+2x =0, 2x*°=0

General form :

ax?+bx+c =0
Where, a,b,c e Canda=0

3.1 Roots of a Quadratic Equation

The values of variable x which satisfy the quadratic equation is called as Roots (also called solutions or zeros) of a
Quadratic Equation.

Solution of Quadratic Equation |

4.1 Factorization Method :

Let ax?+bx+c  =aXx-a)(x-P)=0

Then x=a and x = 3 will satisfy the given equation.




Hence factorize the equation and equating each to zero gives roots of equation.
e.g. 3X2-2x-1=0 =(xx-1)(3x+1)=0
x=1,=
3
4.2 Hindu Method (Sri Dharacharya Method) :
By completing the perfect square as
c

b
ax?+bx+c=0 =>x2+ = x+ = =0
a a

2
Adding and substracting (ZEJ
a

( b jz b?—4ac| _
= || X+—| ————| =0
2a 4a®

b++/b%—4ac

Which gives, x = —
2a

Hence the Quadratic equation ax? + bx + c = 0
(a # 0) has two roots, given by
oz —b++/b?-4ac and p = —b—+/b?—4ac
2a 2a
Note : Every quadratic equation has two and only two roots.

Nature of Roots |

In Quadratic equation ax? + bx + c = 0, the term
b? — 4ac is called discriminant of the equation, which plays an important role in finding the nature of the roots. It is

denoted by A or D.

(A) Suppose a, b, c € R and a# 0 then
(i) 1fD>0 = Roots are Real and unequal
(if) 1f D =0 = Roots are Real and equal and each equal to —b/2a
(iii) If D < 0 = Roots are imaginary and unequal or complex conjugate.
(B) Suppose a, b, c € Q, a# 0 then
(i) If D>0and D is perfect square
= Roots are unequal and Rational
(if) 1f D > 0and D is not perfect square
= Roots are irrational and unequal
5.1 Conjugate Roots :
The Irrational and complex roots of a quadratic equation are always occurs in pairs. Therefore (a, b, ¢,eQ)
If One Root then Other Root
o+if o—Iif

a+ B a- B

ﬂ Sum and Product of Roots |

If o} and B are the roots of quadratic equation

ax? + bx + ¢ =0, then,




(i) Sum of Roots

Coefficientof x

Coefficientof x?

(if) Product of Roots
constant term

c
P= aB = —= — 5
coefficient of x

a

e.g. Inequation

3x2+4x-5=0
4
Sum of roots S=- §
5
Product of roots = —5

6.1 Relation between Roots and Coefficients
If roots of quadratic equation ax? + bx + ¢ =0 (a= 0) are and then:

2
(i) (0—PB)=y(a+P)?—4ap=1 vb ;4ac _ i;/B

b? — 2ac
2

a
(iii) 02— %= (o + B) /(a0 +B)> —4ap

(i) a?+p?=(a+p)*—2ap =

_ bvb®—4ac _ +J/D
= Y = a
2
(iV) a3+[33:(a+[3)3,3a[3(a+[3):7m)—_33ac)

(V) o~p*=(a-B)°+3ap (a-P)

= Jiw+B)? 40P {(0+B)* —ap )

(i) @t + Bt = {(o0+B)? — 2ap | 2022

_ (b* —ac)vb® —4ac
a3
2
:(b —2acj P

CZ
a 2

a

(vii) a* = B* = (a® — B) (o® + B?)
_ —b(b? —2ac)vh* — 4ac
a4
(viii) o’ + af + B2 = (o + B)° —ap
a’ +p? _ (a+P)?—2ap
of - of

(X) o?f + B =af (a+p)

o2

o
Formation of an Equation with given Roots|

(ix) o, B

_(14+[34 B (a2+B2)2_2a2B2
- a4B4 - (12[32




A quadratic equation whose roots are o and {3 is given by
x-a)(x-p) =0
X2 —ox—Bx+af =0
X—(a+Bx+ap=0
i.e x?— (sum of Roots)x + Product of Roots = 0
x2-Sx+P=0
7.1 Equation in terms of the Roots of another Equation
If are roots of the equation ax? + bx + ¢ = 0 then the equation whose roots are

() —a,B=>ax?-bx+c=0 (Replace x by — x)
(ii) Yo, 1/B=cx?+bx+a=0 (Replace x by 1/x)
(iii) a", B"; ne Na(x*2+b (x¥")+c=0 (Replace x by x¥")

(iv) Ko, KB = ax? + kbx + k?c =0 (Replace x by x/k)

) K+o, k+B=ax—Kk>2+b(x—-K+c=0 (Replace x by (x—k))
(vi) % : E k?ax?+kbx +c=0 (Replace x by kx)
(vii) o™, Y n e N = a(x"2+b(x") +c=0 (Replace x by x")

7.2 Symmetric Expressions

The symmetric expressions of the roots , of an equation are those expressions in and , which do not change by
interchanging and . To find the value of such an expression, we generally express that in terms of and .

Some examples of symmetric expressions are—

(i) o + p2 (if) o + op + B2
iy =+ & i) L+ P
a P o
2 2
) 0B + Ba v (ﬁj (£
B o
(vii) o3 + (viii) a* + ¢

ﬂ Roots Under Particular Cases |

For the quadratic equation ax?> + bx + ¢ =0

(i) If b=0 = roots are of equal magnitude but of
opposite sign
(i) If c=0 = one root is zero other is—b/a

(iii) If b=c=0 = both root are zero

(iv) If a=c = roots are reciprocal to each other
a>0c<0 L
v) If = Roots are of opposite signs
a<0c>0

...a>0,b>0,c>0 .

(vi) If = Both roots are negative.
a<0,b<0,¢c<0

.. a>0,b<0,c>0 N
Vil = Both roots are positive.
(vii) Both root posit

a<0,b>0,c<0

(viii) If sign of a = sign of b = sign of ¢




= Greater root in magnitude is negative.
(ix) If sign of b = sign of ¢ = sign of a = Greater root in magnitude is positive.
(x) Ifa+b+c=0= onerootislandsecond root is c/a.
(xi) Ifa=b=c=0 then equation will become an identity and will be satisfy by every value of x.

n Condition for Common Roots

9.1 Only One Root is Common : Let o be the common root of quadratic equations
a1x? + bix + ¢ = 0 and azx? + bpx + ¢z = 0 then
a0 +bia+c1=0
a0+ b +c2=0

By Cramer's rule :

o’ _ o’ _ 1
—C b 4 -G a, b
-Cc, b,| |a, —¢c,| |a, by

or

o’ _ a _ 1

bic, —b,c,  a,c;—ac, ab,—a,b,

a,c, —a,C b,c, —b,c
= 2217012 oo TIM2 T 2 o)
a;b, —a,b; a;b, —a,b;

The condition for only one Root common is  (c1az — C2a1)? = (b1C2 — baC1)(a1by — azbs)
9.2 Both roots are common : Then required conditions is
H_b_o
a, b, ¢

Note : Two different quadratic equation with rational coefficient cannot have single common root which is complex or
irrational, as imaginary and surd roots always occur in pair.

Nature of the Factors of the Quadratic

Expression
The nature of factors of the quadratic expression
ax? + bx + c is the same as the nature of
roots of the corresponding quadratic equation

ax?+bx +c¢=0(a, b, c, €R). Thus the factors of the expression are:
(i) Real and different, if b2 — 4ac > 0.
(ii) Rational and different, if b2 — 4 ac is a perfect square where (a, b, ¢, €Q).
(iii) Real and equal , if b>— 4 ac = 0.
(iv) Imaginary, if b>—4 ac < 0.
eg. The factors of x> —x + 1 are -
Sol. The factors of x? — x + 1 are imaginary because
b2 -4 ac=(-1)2-4(1) (1)
=1-4=-3<0

(N8 Maximum & Minimum Value of Quadratic
Expression




In a Quadratic Expression ax? + bx + ¢

. . . b . L

(i) 1fa> 0 Quadratic expression has least value at X = " This least value is given by
a

4ac-b?>_ D

4a 4a

dac—b® _
4a

(if) 1fa <0, Quadratic expression has greatest value s atx= —ZL. This greatest value is given by
a
b
4a
Sign of the Quadratic Expression

Let y=ax?+bx+c (az0)
e
y=a|X +—X+—
a a
~ I b\ b?-dac
zal|[x+—| -
2a 4a?

_ : 5
=a (X+Z—ZJ —E} ..(1)

Where D = b? — 4ac is the Discriminant of the quadratic equation ax>+ bx +c¢c=0
Case 1.
D >0 : Suppose the roots of ax? + bx + ¢ = 0 are ac and B and o > B (say).
a, 3 are real and distinct.
Then ax? + bx + ¢ = a(X — a)(x - B)
Clearly (x — a)(x — B) > 0 for x <  and x < a since both factors are of the same sign and
X—a)(x—B)<O0fora>x>p
Forx=Borx=a,X-a)Xx-B)=0
Ifa> 0, then ax? + bx + ¢ > 0 for all x outside the interval [B, o] and is negative for all x in (B, o).
If a <0, then its viceversa.
Case 2.
D=0 thenfrom (1)

2

b2
ax?+bx+c= a(x+—j
2a

b . . .
VX # "2 the quadratic expression takes on values of the same sign as &;
a

If x =—b/2athen ax? + bx + ¢ = 0.
If D=0, then

(i) ax? + bx + c > 0 has a solution any X # - £

if a> 0 and has no solution if a < 0;

(i) ax? + bx + c < 0 has a solution any X #——

if a <0 and has no solution if a > 0;
(iii) ax® + bx + ¢ = 0 has any x as a solution
if a > 0 and the unique solution




X = —E,ifa<0;
2a

(iv) ax? + bx + ¢ < 0 has any x as a solution

ifa<O0and x = —L,ifa>0;
2a

Case 3.
D < 0 then from (1)

(i) ifa>0,then ax®+bx+c>0forallx;

(ii) ifa<0,then ax?+bx+c <0 forall x.

eg. The sign of X2 + 2X + 3 is positive for all
X € R, because here
b?-4ac=4-12=-8<0anda=1>0.

eg. The sign of 3x? + 5 X - 8 is negative for all
X € R because here
h?4ac=25-96=-71<0anda=-3<0

12.1 Graph of Quadratic Expression :

Consider the expression y = ax? + bx + c,
a=0and a,b,c € R then the graph between x, y is always a parabola. If a > 0 then the shape of the parabola in concave
upward and if a < 0 then the shape of the parabola is concave downwards.

There is only 6 possible graph of a Quadratic expression as given below :

Case - | Whena>0
(i) fD>0
Roots are real and different ( X1 and X>)
Minimum value LM = 4ac——b2 at
4a
X =0L =-b/2a

y is positive for all x out side interval [X1, X2 ]
and is negative for all x inside (X1, X2)

Y a>0
D>0
' L
X . X
XiNJO X2
M
YI
(i) IFD=0
Roots are equal (OA)
Min. value = 0 at x = OA = —b/2a
y>0forall x e {Rb}
2a
Y a>0
D=0
ol A %




(i) IFD <0
Roots are complex conjugate
y is positive for all x € R.

a>0
D<0

O
Case- Il When a<0
@iy fD>0
Roots are real and different ( x5 and x2)
2
Max. value = LM = 4ac4— b atx = OL =—b/2a
a
y is positive for all x inside ( X1, X2 ) and
y is negative for all x outside [ X1, X2]
Y a<o
D>0
M
T | D\ X
/ O \
(i) fD=0
Roots are equal = OA
Max. value = 0 at x = OA = —b/2a
y is negative for all x e {R —— b}
2a
Y
A
O
(i) IfD<0
Roots are complex conjugate
y is negative forall x € R
y
X A
0
y

Quadratic Expression in two Variables

a<o
D<0




The general form of a quadratic expression in two variable x & y is
ax? + 2hxy + by? + 2 gx+ 2 fy + ¢
The condition that this expression may be resolved into two linear rational factors is
a h g
A=/h b f|=0
g f c
abc + 2 fgh—af? —bg?-ch?=0and h?—-ab >0
This expression is called discriminant of the above quadratic expression.

Some Important Points |

(i) Every equation of n™ degree (n > 1) has exactly n roots and if the equation has more than n roots, it is an identity.
(ii) If o is a root of the equation f (x) = 0 then the polynomial f (x) is exactly divisible by

(x—a) or (x — ) is a factor of f (x)
(iii) If quadratic equations ai X2 + b1 X+Cq = 0 and

. . .o (04
a2 X% + by X + ¢2 = 0 are in the same ratio (l.e.—l = —2] then

1 2
bf _ ag
(iv) If one root is k times the other root of quadratic equation a; x> + by x+ ¢; = 0 then
(k+1)% _ b?
k  ac

(v) Quadratic equations containing modulas sign are solved considering both positive and negative values of the
quantity containing modulus sign. Finally the roots of the given equation will be those values among the values of
the variable so obtained which satisfy the given equation.




SOLVED EXAMPLES

Ex.1

Sol.

Ex.2

Sol.

Ex.3

Sol.

The number of real roots of the equation

esin X_ e—sinx —4=0is-

(A)2 (B)1

(C) infinite (D) None

Let es"* =y then given equation reduces to

y_l_4:o Sol.
y

Ex.4

= y’-4y-1=0
4im ) i\/g
2
=4.23,-0.23
Buty = eS"X is never negative. So
y=esinX=423
= sinx=log4.23>1
which is not possible. Hence the equation has no
real root. Ans.[D]

Ex.5

If r and s are positive, then roots of the equation Sol.
X% —rx—s=0are -

(A) imaginary

(B) real and both positive

(C) real and of opposite signs

(D) real and both negative

Here Discriminant

= 12+4s>0 (or,s>0)

= roots are real
Againa=1>0andc=-s5<0
= roots are of opposite signs. Ex.6
Ans.[C]

Both roots of the equation (X — b) (x—¢) + (x- ¢)
(x—a)+(x-a)(x-b)=0are -

(A) positive (B) negative

(C) real (D) imaginary
The given equation can be written
following form :
3x?-2(@+b+c)x+ (@ +bc+ca)=0
Here discriminant

=4(a+b+c)>—12 (ab + bc + ca)

= 4[(a® + b? + ¢?) — (ab + bc + ca)] > 0

[-a%+b? + c?>ab + bc + ca]

in the Sol.

Both rootsare real.  Ans.[C]

If the roots of the quadratic equation
X2 — 4x — logza = 0 are real, then the least value of
ais-

(A) 81 (B) 1/81

(C) 1/64 (D) None of these

Since the roots of the given equation are real.
. Disc.>0=16+4log;a>0

=log;a>-4=a>3*=a>1/81

Hence, the least value of a is 1/81.
Ans.[B]

If a<b <c<d,then roots of

(x—2a) (x—c) +2(x—b)(x—d) =0 are-

(A) real and equal (B) real and unequal

(C) imaginary (D) rational

Here

3x2—(a+c+2b+2d)x+ (ac+2bd) =0

.. Discriminant

= (a + ¢+ 2b+ 2d)? — 12 (ac + 2bd)

=[(a+ 2d) - (c + 2b)]>+ 4 (a + 2d) (c + 2b)
—12 (ac + 2bd)

=[(a+ 2d) — (c + 2b)]>+ 8(c — b) (d —a) > 0.

Ans.[B]
If roots of the equation ax? + 2bx + ¢ = 0 are real
and different, then roots of the equation
(@ +2b2—ac)x*+ 2b (a+c) X + (2b*+ c?—ac) =0
are-
(A) real and equal (B) real and unequal
(D) None of these
The second equation can be written as
(a+c) (ax? + 2bx + ¢) = 2(ac — b?) (x*+ 1)
=2(ac—-b?) (x*+1)=0 (1)
Since roots of ax?> + 2bx + ¢ = 0 are real and
different, therefore
D=4b?>-4ac>0=b?>ac
Thus from (1), we get

x2+1=0

(C) imaginary




Ex.7

Sol.

Ex.8

Sol.

or X = =i
So roots of the second equation are imaginary.

Ans.[C]
For the equation t .1 , if the
X+a X+b x+c
product of roots is zero, then the sum of roots is-
wo  ® 2202 ®)
b+c
—2bc
b+c
1 1 _ 1
X+a X+b x+cC
b-a 1
x2t(b+a)x+ab X+C

orx’+(a+bx+ab=(b—-a)x+(b—a)c
orx?+2ax+ab+ca—-bc=0
Since product of the roots = 0

bc

ab+ca-bc=0 = a= —
b+c

2bc
b+c

Thus sum of roots = — 2a =

Ans.[D]

If p and g are roots of the equation
x> —2x + A =0 and r and s be roots of the
equation x> - 18 x + B=0ifp<g<r<sbhein
A.P., then A and B are respectively-
(A)-3,77 (B) 3, 77
(C)3,-77 (D) None of these
Here p, q are roots of X2 —2x + A=0
L p+Qg=2 ..(1)
Alsor, s are roots of x> - 18 x + B=0
. r+s=18 (2)
Now since p,q,r,s in A.P. say with common
difference d.
~gq=p+d,r=p+2d,s=p+3d
Form (1) and (2)

2p+d=2

=4d=16= d=4
2p+5d=18

2p+d4=2=p=-1
Hencep=-1,q=-1+4=3
=-1+8=7,s=-1+12=11

Ex.9

Sol.

Ex.10

Sol.

Note :—

A=pg=-3,B=rs=77
Ans.[A]

If o, B are roots of the equation

ax? + 3x + 2 = 0 (a < 0), then o?/p+ B%a is
greater than-
(A)0

©2

B)1
(D) None of these

Since a < 0, therefore discriminant
D=9-8a>0.So, aand p are real.
We have a + = =3 and o= 2
a a

a” ol +[33

p af
_ (@+B)° —3ap(a+p)

ap

of , B
o

(‘“E) 3+ )

:_£+g<0 [

23> a

a<0] Ans[D]

If o, B are the roots of x> — p(x +1) — ¢ = 0 then

a?+20+1  PZ+2B+1 .
5 + is equal to-
a‘+2a+Cc P +2B+cC
(A)O (B)1
©)2 (D) None of these

Here the equation is X2 —p(x + 1) —c =0
a+B=p ap=—(p+c)
= (a+)(Bp+=1-c
Now given expression
(a+1)? (B+1)2
(@+D)?~@-c)  (B+D*~(@-c)
Putting value of 1 —c = (a0 + 1) (B +1)
- o+l B+l
a-pB P-a
_a+1-p-1
_—G—B

=1 Ans.[B]

Some times an intermediate step calculation is
necessary before the main problem is attempted.
Asabove (a+1)(B+1)=af+(a+p)+1




Ex. 11

Sol.

Note :—

Ex.12

Sol.

Note:—

:7pfc+p+1:17(:
Without which the main result would be difficult
to find.

If o, be the roots X2 + px — g = 0 and

v,8 be the roots of x2 + px + r = 0 then
(@-1)(@-8) _
B-v)(PB-9)
(A)1 Ba ©r
(D)g+r
Here OHB:_p}:ow[S:«HS(note)
Y+8=-p
Now (a—v)(0—=8)=o?—a(y+38)+7y8
=o?—a(o+p)+r
=—af+r
=—(-a)tr=q+r
By symmetry of the results
B-mNB-8)=q+r
Hence the ratio is 1 Ans.[A]

If we ignore the equality of o + § and y + 8, the
problem may be seen to be difficult, or at least the
calculations are increased unnecessarily.

If o, B be roots of x? + px + 1 =0 and y, § are the
roots of X+ gx + 1 =0 then

(a-y)(B-7)(a+8)(B+3)=

(A)p?+¢? (B) p?-¢?
(C) g?—p? (D) none of these
=—p af=1
Here o+p=-p op = ap =75
vy+8=-q;y6=1

Now (a—7) (B—7) (o +8) (B +9)
={op —v (o +B) +v°} {ap + 8 (o + B) + 8%}
={1+yp+y}{1-pd+5%

= [(y?+1) + yp] [(8% + 1) — pd)]

= (—qy + vp) (-0 — pd)

=18 (9°-p?) =1 (9*-p?)

Ans.[C]

Remember that the root always satisfy the
equation and hence this fact may be used to find
some values which may be occurring in the
calculations.

Ex.13

Sol.

Ex.14

Sol.

Ex.15

If coand B are roots of the equation x> + px + 4 =0
and o* and B*. are roots of x2 — rx + s = 0, then
the roots of x? — 4qx + 29>~ r = 0 are—
(A) both real
(B) both positive
(C) both negative
(D) one negative and one positive
The discriminant of the equation
X2 —4gx+20°-r=0is
D =160%—-4 (20> —r) =80 + 4r (1)
But o, B are roots of the equation
x2+px+q=0
D> a+pf=-pand afp =q
and o, p* are roots of the equation
X2—rx+s=0
= o*+p*= rand a*p*=s
. D =8a22 + (ot+ B4
= 4(a+ pA2>0
Thus both roots are real.

Ans.[A]

If one root of the equation 4x%> + 2x — 1 =0 is a,
then other root is-

(A) 2a. (B) 4 o - 30
(C) 40 + 30 (D) None of these
Let o and B are roots of the given equation, then
G+B:*—3B:*£ -a
2 2
Now 40 +20—-1=0
= 40?2 =1-2a ..(1)

Now 40 = o 2a®
=a- % (1-2a) [from (1)]
. Ae3 - 1

Sdo®—30=—20 - 5(1—201)

:—%—GZB Ans.[B]

If o, B are roots of Ax? + Bx + C = 0 and o?, B2

are roots of x? + px+ g = 0, then p is equal to-




Sol.

Ex.16

Sol.

Ex.17

Sol.

Ex.18

(A) (B2—2AC) /A2 (B) (2AC —B2) /A2
(C) (B2~ 4AC)/A?2 (D) (AAC-B?)A2
o+ B =—BI/A ap=CIA
o2+ p2=—p,o2p2=q

. (a+ B)2 = BYA?

= (o + B?) + 2ap = B% A?
= —p +2C/A = B2 /A2

_ 2CA-PB?

=P AZ

Ans.[B]

If o, B are the roots of the equation ax? + bx + ¢ =0
andS,=oa"+p" thenaS,,, +cS, ;, =

(A) bS, (B) b%S,

(C) 2bs, (D) -bs,

Here a, B are roots
ac’+ba+c=0 ..(1)
ap?+bp+c=0 ..(2
Now let us consider (Keeping results (1), (2) in
mind)
aS,,+tbS,+cS,
= afo™+ B + b o+ BT + ¢ [+ ]
= [aa™ M+ ba+ca™] + [aB"™ + bB"+ Y]
= o [ac? + ba + ] + B [aB% + bB + ]
=0+0=0

Hence aS,,, + ¢S, ; =—DbS,. Ans.[D]

The quadratic equation whose one root is !
2++/5
will be-
(A)x?+4x-1=0
(C)x2+4x+1=0

(B)x?—4x-1=0
(D) None of these

1 -
2+4/5 =5 -2

So the other root = — /5 — 2. Then sum of the
roots = — 4, product of the roots = - 1

Given root =

Hence the equation is x?> + 4x —1=0

Ans.[A]

If the roots of equation x> + bx + ac = 0 are
a, B and roots of the equation x? + ax + bc = 0 are
o, v then the value of a, B3, y respectively-

Sol.

Ex.19

Sol.

Ex.20

(A)a,b,c (B)b,c,a
(©)c,a b, (D) None of these
From the given two equation
a+p=-b (1)
of =ac .(2)
at+ty=-a ..(3)
ay =bc ..(4)
M- =p-y=a-b ()
(2) /(4) = Bly=alb
Y
= .(6
o (6)
putting the value of § in (5)
ay (a-h) _
——yza-b=>y —~* =(ab
o U (a-b)
Sy =b
L B=a &a=c. Ans.[C]
If every pair from among the equations

X2+px+gr=0,x2+qgx+rp=0andx2+rx+pq=0
has a common root, then the sum of the three
common roots is-

(A)2(p+q+r) (B)p+tq+r
©)—(p+q+r) (D) par

The given equations are

x2+px+qr=0, (i)
X2+gx+rp=0, (i)

and X2+ rx+pg=0 (D)

Let a, B be the roots of (i) B, y be the roots of (ii)
and y, a be the roots of (iii). Since  is a common
root of (i) and (ii).

S B2+ppB+gr=0andp?+qgB+rp=0
=(P-qp+r@@-p)=0=p=r

Now, o =qr=oar=qr= o =d.

Since, B and y are roots of (ii). Therefore,
pr=rp=ry=rp =>y=p
atBty=q+tr+p=p+q+r

Ans.[B]

If the quadratic equations ax® + 2cx + b = 0 and
ax? + 2bx + ¢ = 0 (b = ¢) have a common root,
then a + 4b + 4c is equal to-

(A) -2 (B)-1

©0o (D)1




Sol.

Ex.21

Sol.

Ex.22

Sol.

Note :—

Let be the common root of the given equations.
Then

ao?+2ca+b=0
and ao® + 2ba+c=0
=2a(c-b)+(b-c)=0

1
So= =
2

Putting o. = 1/2 in aa? + 2ca+ b =0,
we geta+4b +4c=0. Ans.[C]

[ b=c]

The value of m for which one of the roots of

x2 —3x + 2m = 0 is double of one of the roots of
x2—Xx+m=0is-
(A)0,2

(C)2,-2

(D) None of these

Let a be the root of xX2— x + m = 0 and 2a be the
root of X2 — 3x + 2m = 0. Then,
o?—a+m=0and4a?—6a+2m=0

2
¢ :L:E:mZ:—Zm
-4m -2m 2

=>m=0m=-2

Ans.[B]

If the expression x>~11x + a and x’— 14x + 2a
must have a common factor and a = 0, then, the
common factor is —
(A) (x-3)
(C) (x-8)

(B) (x-6)
(D) None of these

Here Let X — o is the common factor

then x = a is root of the corresponding equation
o?—1la+a=0
02— 140 +2a=0
Subtracting 3a.—a=0= a =a/3

a? a
Hence ?—115 +a=0,a=0o0ra=24

sinceaz0,a=24

2
.. The common factor of X2 —1x+24 is
X* —14x+48
clearly x — 8 Ans.[C]

Shorter method Eliminating a from both

2x% —22x+2a

x2 _14x+2a [ X2 8x=0=x(x-8) =0
— + —

Lox#0, 2. (x—8) Ans.

Ex.23

Sol.

Note:—

Ex.24

Sol.

Note:—

Ex.25

If x is real then the value of the expression

X2 +14x+9 |.

— lies between

X +2X+3

(A)-3and 3 (B) -4 and 5

(C)-4and4 (D) 5and 4
2

Let x2+14x+9 _
X +2X+3

= X2(l-y)+2x(7T-y) +3(3-y)=0
Hence 4(7-y)> - 12 (1-y) (3-y) >0
gives —2y? -2y +40>0
= y2+y-20<0
= (y+5)(y-4)<0=>-5<y<4

Ans.[D]
Theory of max. minima may be used to find the
extreme values for example in the above
(R +2x+3) (2x+ 14) — (% + 14x + 9) (2x + 2) = 0.
Which gives two value of x, corresponding find
values of y.

2 —
BXT+16X =51 4 it xis such that —
(2x-3)(x+4)
(A)x<-4 (B)-3<x<3/2
(C)x>5/2 (D) All these true
2 —
Consider 8x“ +16x —-51

(2x-3)(x+4)

2x% +x-15
= o2 kv 1o >0
2X° +5x-12
(2x=5)(x+3) >0
(2x-3)(x+4)

Hence both Nr and Dr are positive if

=

x<—4orx>i
2

and both negative if -3 <x < g

Hence all the statements are true, as such (D) is
the correct option.

(x-a)(x=b)
(x—c)(x—d)
ifx<aorx>d orifc<x<b

The real values of a for which the quadratic
equation 2x?> — (a® + 8a — 1) x + a~— 4a =0
possesses roots of opposite signs are given by-

(A)a>5 (B)0O<a<4

Ifa<c<b<d,then

(©a>0 (D)a>7




Sol.

Ex.26

Sol.

Aliter :

Ex.27

Sol.

Ex.28

The roots of the given equation will be of
opposite signs if they are real and their product is
negative, i.e.
Discriminant > 0 and product of roots <0
= (a®+8a—1)>—8 (a®—4a) > 0 and
a’—4a
<
2

0

=a’-4a<0
[a®—4a<0= (a’+8a—1)?—8(a’—4a) > 0]

=>0<a<4
Ans.[B]

The value of the expression x% + 2bx + ¢ will be
positive if-
(A) b>-4c>0 (B) b>-4c<0
(C)c2<hb (D)b2<c
Expression = (X + b)2—b? + ¢

= (x +b)? + (c - b?)
. expression will be positive if c —b%>>0
Ans.[D]
Here a = 1 > 0. Hence exp. > 0 when B2 — 4AC <0
i.e. when 4b?—4c <0 = b?<c.

= bh?<c

If roots of the equation x? + ax + 25 = 0 are in the
ratio of 2 : 3 then the value of a is -

15 +25
A —= (B) =
J6 J6
+
©) _?5 (D) None of these
Here k = 2/3
2 2
so from the condition = &<*D” = B°
k ac
(213+1)% _ a°
2/3 25
25 3 _a®  25_a?
—— X —=— = —=—
9 2 25 6 25
+
- a2= 25%x25 —~a= __25 Ans,[B]
6 J6

If the roots of the equations x? + 3x + 2 = 0 and x?
—X + A =0 are in the same ratio then the value of
A is given by-

(A) 217 (B) 2/9

Sol.

Ex.29

Sol.

Ex.30

Sol.

(C) 92 (D) 7/2
If roots are in same ratio then
32 = M = 90= @ = A= 3
> O ) 9

Ans.[B]
Let o, B be the roots of ax? + bx +c=0 &y, § be
the roots of px* + gx + r = 0 ; and D,,D, the
respective Discriminants of these equations. If
o, B,y, 6arein AP, thenD, : D,

2 2 b2

a a c?
(A) 7 (B) o7 (©) el (D) p

Wehaveoc+[3:_—b,oa[?):E
a a

and y+9d= _—q,ySZL
p p
Now a, B,v, darein A. P.
= B-a=3-7;(B-a)f=E-v)7°
= PB+a)y’—4ap=(y+8)>-4y5

= - = Z—_ —
2 a o2 p
b2 —4ac _ q*—4pr
= 2 q 2p
a p
_, D_D, D _a°
a® p D, p°

Ans.[A]

If oy, a, and B, B,, are respectively roots of the
equations ax?> + bx + ¢ = 0 and px? + gx + r = 0,
then the system of equations o,y + o,z = 0 and
B,y *+ B,z = 0 has a none zero solution then-
(A) p?br=a%qc (B) b?pr=g?ac
(C)r’pb=c?ar (D) None of these
Obviously

o, + o, =—bfa, oya, =cla

Byt By=—alp, Byp,=1/p
Since the system of equations
o,y +a,z=0andBy+p,z=0

has a non zero solution




Ex.31

Sol.

Note :

Ex.32

Sol.

A A

1By B,

g +0y

Br+B-

=O:0c1[3270cz[‘31=0
f-%

N )
B, P ) {mm}
~ -bla _ {c/a}
o = ===
-q/p rip

= b%pr=q?ac
Ans.[B]

Note:

b®p® _ cp
q%a? ar

The sum of all real roots of the equation
X—2P+|x-2|-2=0,is-

(A)O (B)8

(©)4 (D) None of these

Ex.33

Casel: x-2>0,x>2
Puttingx-2=y,y>0
yP+y-2=0=y=-2,1
But0 # 2,
Hence x = 3 is the real root.
Casell: x-2<0=>x<2,y<0

Sol.

= Xx=0,3

y2-y-2=0=>y=2-1=>x=4,x=1
since 4 |< 2, only x = 1 is the real root
Hence the sum of the real roots =3+ 1 =4
(C) is correct option. Ans.[C]

The problem is asked in 'Fill up the blank form
in IT-97(July)

If 0 < x <=, then the solution of the equation

165" +16%5°X = 10 is given by x equal to
g yxeq Note :—

T T

(A) ®) 35

o|a
wla

© (D) None of these

o3
N

Ex.34
16

y

Let 165in2x =y, then 16c052x - 161—sin2x -

Hence y + E:10:y2—10y+ 16=0
y
Sol.
ory=2,8

Now 165" % =2 = (2)*""*= (2)!

= 4sin?x=1 .sinx= = = x=

N |-
w|a

Hence (A) is correct answer.

Ans.[A]
If restriction 0 < x < m is not given as in the

. . 1
original problem then sin? x = "

i
= X=nmt—.
6

Hence there will be infinite roots.

Since sin x is positive in [0, ] negative values are
not considered.

If p, g, rbeinH. P.and p and r be different
having same sign, then the root of the equation
px?+ 2gx + r = 0 will be-

(A) real (B) equal

(C) Imaginary (D) None of these

Herep, g, rin H. P.
2pr
p+r

Now D = 49° — 4pr

= q=

(1)

_ ( 2pr jz .
=—4 [pr—-| — | Jusing (1)
p+r

2
=—mom(ﬂlq ]
p+r

Since pr> 0, p # r given,
D # 0 and D < 0 Hence the roots are imaginary.

Ans.[C]
The students should develop a practice of arguing,
using given conditions. The discriminant should
be expressed in perfect square form as far as
possible.

|fX:2+\/§ then the value of

X3 —7x?+13x—12is -

(A)3 (B) 6 (©)-9
(DE]

x:2+\/§

=X-2= «/§

=x2+4-4x =3

=>X-4x =-1




=x2-4x+1 =0

Now we can write the given equation as
x3—7x% + 13x - 12

=X(X2—4x + 1) —3x? + 12x — 12
=X(X2—4x+1)-3(x*—4x+1)-9

Now putting the value of x> —4x + 1 =0
=x(0)-3(0)-9=-9 Ans.[C]




