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KEY CONCEPTS

Binomial Expressions |

An algebraic expression containing two terms is called a binomial expression.
For example , 2x + 3, x>~x/3, X + a etc. are
Binomial Expressions.

Binomial Theorem

Binomial Theorem for Positive Integral

3.1

3.2

3.3

The rule by which any power of a binomial can be expanded is called the Binomial Theorem.

Index

If x and a are two real numbers and n is a positive integer then

(x + a)" = "Co x"al + nCix"a + NC,x"2a2 o
+CxMal +......+ "Cpx%a".
Where "Cy, "Cy;, "Cy; "Cs,....."Cr..... are called binomial coefficients which can be denoted by

Co, C1, Cy, C3, ... Croees

General Term : In the expansion of (x+a)", (r+1)" term is called the general term which can be represented by T ..
Tr+1="Cr x™a"

=N"C,( first term)™" (second term)".

Characteristics of the expansion of (x + a)"

Observing to the expansion of (x + a)", n € N, we find that-

(i) The total number of terms in the expansion = (n + 1) i.e. one more than the index n.

(i) In every successive term of the expansion the power of x (first term) decreases by land the power of (second term)
increases by 1. Thus in every term of the expansion, the sum of the powers of x and a is equal to n (index).

(iii) The binomial coefficients of the terms which are at equidistant from the beginning and from the end are always equal i.e.
"Cr ="Ch
Thus "Co="Cp, "C1= "Cp.4,
"Cy="Cp- etc.

(iv) "Cr1+ "C = "IC,
Some deduction of Binomial Theorem :
(i) Expansion of (x-a)".

(X —a)"="Cq x"a® — "C1x"! al + "Cox"2a2 —

"Cax"3ad + ..+ (-1)'"Cx"a" + ...+ (-1)""Cp x° a"

This expansion can be obtained by putting
(—a) in place of a in the expansion of (x+a)".

General term = (r + 1)" term
Tra="Ci(-1)". X" &'
(ii) By putting x = 1 and a = x in the expansion of (x + a) ", we get the following result (1+x)" = "Co + "Cy X +"Cox?+ ...+ "C, X'+

which is the standard form of binomial expansion.




General term = (r + 1) term
Tr+1 = nCr X r
_ n(n-)(n-2)....... f—-r+1) o
r! '

(i) By putting (—x) in place of x in the expansion of (1+ x)"
(17X)n = Co — nc, X + nc, X2 — nC?,X3 + +
(1)""Cx " +......+ "Cox™,

General term = (r + 1)" term
Tr1 = (1) "Cr x

nin-)(n-2)....... h-r+1) o
rl '

1)

M Number of Terms in the Expansion of
x+y+2)"

(x +y+2z)" can be expanded as-
(x+y+z)'={(x+y)+z}"

= (X+Y)"+"Co(Xx + YY)z + "Co(x + y)"? 22 + .+ "Ch 2"
= (n + 1) terms + n terms + (n-1) terms
o + 1term
*. Total number ofterms=(n+1) +n+(n-1) +..+1
_ (n+D)(n+2)
2

Middle Term in the Expansion of (x+ a)“|

(a) If nis even, then the number of terms in the expansion i.e. (n+1) is odd, therefore, there will be only one middle

n+2 B n th
term which is (T] term. i.e. (E+lj term.

th
so middle term = (%Hj term.

(b)  Ifnisodd, then the number of terms in the expansion i.e. (n +1) is even, therefore there will be two middle
terms which are

n+1 B n+3 B
=|——| and |——| term.
2 2

Note : (i) When there are two middle terms in the expansion then their Binomial coefficients are equal.
(i) Binomial coefficient of middle term is the greatest Binomial coefficient.

To Determine a Particular Term in the
Expansion

n
In the expansion of (x“ iiﬁj , if XM occurs in Ty, then ris given by
X

na—r(oa+p)=m
no.—m
a+p

= I=




Thus in above expansion if constant term i.e. the term which is independent of x, occurs in Tr+1
then r is determined by
noa—r(a+p)=0
nou
o+p

= r=

To Find a Term the end in the Expansion

of (x + AN

It can be easily seen that in the expansion
(x+a)".
(r+1)" term from end = (n-r+1) " term from beginning.
i.e. Tr+1(E) = Tn7r+ 1 (B)

Tr(E) = Thre (B)

n Binomial Coefficients & Their Properties
In the expansion of (1+ x) "; i.e.(1+X) "= "Co+ "CiX + ........ +1Cr X"+ ...+ "CpxX"
The coefficients "Co, "Cy "Cn of various
of x, are called binomial coefficients and they are written as
Co, Cy1, Ca,......,.Cn

Hence
(1+X)" = Co+CiX + CoX?+.....+ CX' + ...+ CpX" )
Where Co =1, C; =n, Co= n(ZTl)
C = n(n-1.....0-r+1) Co=1

Now, we shall obtain some important expressions involving binomial coefficients-
(@) Sum of Coefficient : putting x = 1 in (1), we get

CotC1+Co+ ...+ Cy=2" (2)
(b) Sum of coefficients with alternate signs : putting x = -1 in(1)
We get
Co-C1+Cy—C3 +...... =0 (3)
(c) Sum of coefficients of even and odd terms: from (3), we have
Cot Cot+ Cy+....... =C1+ C3+ Cs+ ........ ..(4)

i.e. sum of coefficients of even and odd terms are equal.
from (2) and (4)
= Co+Co+........ =Ci+ Cs+ ... =2t

(d) Sum of products of coefficients : Replacing x by 1/x in (1)
We get

n
(1+£j L L S 7 R
N X %2 x"

..(5)
Multiplying (1) by (5), we get

2n
% = (Co+ Cix + CzX2 +)

of

powers




(Cot+ % +% +...)

Now, comparing coefficients of x" on both the sides, we get
COCr + C]_Cr+1 + o + Cn.r Cn = 2"C n-r

2n!
= ...(6)
(n+D) I(n—r)!
(e) Sum of squares of coefficients :
putting r = 0 in (6), we get
2n!
Co?+ Ci2+ CP+ ...+ C2= —
nin!
(F) puttingr=1in(6), we get
CoCi1+CiCo+ CoCa+ ....... +Ch1Ch=2"C 1
2n!
= (7)
(n+D)!(n-1)!
(9) puttingr=2in (6), we get
CoCr+ C1C3+ CoCy+....+ CoCp = ann.z
2n!
= .. (8)
(n+2)I(n—2)!

(h) Differentiating both sides of (1) w.r.t. X, we get
N1+ x)"1=Cy + 2Cox + 3C3 X% +......+ NCy X "2
Now putting X =1 and x = —1 respectively
Ci+ 2C,+3Cs+ ...+ nCh=n.2"t . 9
and C;—2C,+ 3C3- ....... =0 ...(10)

(i) adding (2) and (9)

Co+ 2C1 +3Co + ..+ MUCr=2"1 (n+2) ..(11)

(1) Integrating (1) w.r.t. x between the limits 0 to 1, we get,
nt ! 2 3 na?
(CL i COX+C1X—+C2X—+ ..... +i
n+1 2 3 n+1
0 0
n+l
= Cot+ CG,C, G 27 ..(12)
3 n+l n+l1
Integrating 1) W.I.t. X between
-1to 0, we get
0
(1+X)n+1
n+1
-1
. 3 C M 0
= |Cx+C,—+Ch—+....4—"
2 3 n+1 .

n
- CO_&+&_&+_,_+(_1)—'C”:; ..(13)
2 3 4 n+1 (n+1)

E Greatest Term in the Expansion of (X + AN |

(a) The term in the expansion of (x+a)" of greatest coefficient

the

limits




T2, When n is even

- 2
Thas Thes, When n is odd

2 2
(b) The greatest term

(n+Da
T, &T,;when———=peZ
_ p p+1 X+a p
“ WhenweZand q<w<
X+a X+a

g+1

Binomial Theorem For Any Index

When n is a negative integer or a fraction then the expansion of a binomial is possible only when
(i) Itsfirsttermis 1, and
(i) Its second term is numerically less than 1.
Thus when n ¢N and | x | < 1, then it states
n(nz!—l) 2+ n(n —1;!(n -2) 3

(1+x)"=1+nx+

n(n-)(n-r+1)
rt

+ ...+ X' +...00
10.1General Term :

_n(n-)(n-2).....6 —r+1) «
1= .

Tre
r!

Note :
(i) In this expansion the coefficient of different terms can not be expressed as "Cy, "C1, "C,... because n is not a
positive integer.
(if) Inthis case there are infinite terms in the expansion.
10.2 Some Important Expansions :
If[x|<landn e Qbutn ¢ N, then
n(n2'—1) W+ 4 n(n —1)....r.§n —r+1)

@ (I+x)"=1+nx+

(b) (A-x)"=1-nx+

SRVaN{
TR + o (=x) "+....

N n(n+1)...(n+r-1) o

n(n-1) 2 n(n-1)(n-2) 3 4 nin-1....0-r+1)
2!

(©) (1—x)"=1+nx+ n(n+1) W24 n(n+1)(n+2) 3+
|

3! r!
(d @+x)"=1-nx+ n(nTl) Xzin(n+1gl(n+2) X3+t n(n+1)..r.fn+r—1) )+ ...

By putting n =1, 2, 3 in the above results (c) and (d), we get the following results-
€ @A-—XT=1+x+xX2+x3+ . . +X+ ...
General term Ty = X
M @+x)T=1-X+x=x3+ ...(X)"+..
General term T2 = (—X) '
(@) (1-X)2=142x+ 3x2 + 43+ +(r +1)xX" +.....
General term Tyiq = (r+1) X
(h) (14 X)2 = 1-2x+3%% — 43+, +(r+1) (-X)+ .....
General term T = (r +1) (—X)".




+ (r+(r+2) N

() (1-x)3=143x+6x+ 10 X3+ ......

2!
General term = WX’
() (L+X)°=1-3x+6x2—10x3 + ...+ (”1)2# (%) +.....
(r+1)(r+2)

General term = o0 (="







SOLVED EXAMPLES

Ex.1

Sol.

Ex.2

Sol.

Ex.3

The first four terms of the expansion of

1 5
[ax - b—zj are-
X

4 3 2
(A)a5x5_5%x2+1o;T-10;;‘—4
X X
4 3 2
(B)a5x5+5% x2-10 2 _+10 2 _
b bx b°x
4 3 2
(C)a55-5 2 2102 —105
b bx b°x
4 3 2
D) ax5+55 x2+102_+10 S
b b°x b°x

1 5
= 5C, (ax)5 + SCl(ax)4[— izj +
bx
1) 1)
°C, (ax){_ﬁj +5C3 (aX)z[_bx_z) +

4 3 2
5552 x2+102 10 2
b b2x b3x*

+

Ans. [A]

8
The sixth term in the expansion of (SXZ _Zij
X

is-

189 189
A) — X B) - —x
A =, ®- =,
189 189
C) — x? D) — x3
©) 2 (D) 2
1)
T =8C, (3x2)3 | - —
6 5 (3x9) [ ZXJ
=56><(27x6)><[— ! j
32x°
=—$x Ans. [B]

If in the expansion of (1+ y)", the coefficient of
5th gth and 7t terms are in A.P., then n is equal
to-

(A)7, 11 (B) 7, 14

Sol.

Ex. 4

Sol.

Ex.5

Sol.

Ex.6

(©) 8,16 (D) None of these

As given "C,, "Cg,"Cg are in AP.
= NC, +"Cq=2."Cy
n! n! n!
= + =
(n=4'4 (n-6)!6 (n=5)!5!
= 30+(n-5(M-4)=26(Mn-4)
n2-21n+98=0
(n-7)(n-14)=0
n=714

U J

Ans. [B]

The sum of the coefficient of the terms of the
expansion of polynomial (1+ x— 3x2)2143 js-
(A) 22143 (B) 1
©-1 (D)0
We get the sum of the coefficients of terms by
putting x = 1 in the polynomial
(1+ x— 3x2)2143
(1.,_1 _ 3)2143 - (_1)2143
= (12142, (-1)
= [(-1)210%L (1)
=1x-1=-1.

Ans. [C]

8
The middle term of the expansion [x—gj is-
X

(A) 560 (B) 560
(C) 1120 (D) -1120
Since (n = 8) is even then there is only one middle

termie. Tg,, =Ty
2

- Tg =8C,(x)4(-2/x)*
=8C,. (-2)* = 16.5C,

=1120 Ans. [C]

The term independent from x in the expansion of

(\/_ —X%TO is -

(A) 3240 (B) — 3240




Sol.

Ex.7

Sol.

Ex.8

Sol.

(C) 405 (D) — 405 [from (1) and (2)] =21 (n +2)
Ans.
[A]
= 2
Since we require term independent from x Ex9 I (1+ )N = Cot Cpx + Cpx® +u.t G, then
Sno—-r(a+p)=0 (Co+C(C;+Cy)...C, 1 +Cp) equals-
1 1 ClCZ'"Cn
:>lO><E—r E+2 =0 .
n n+1
_ (A ® Y
=r=2ie. 39term. (n+1)!
=10 8 (_3/x2)2 n
T3 = 19C,(Vx )P (-30<) ©c (D) None of these
=10c (- 3)2.X o n!
109 Sol. The given expression
= ——.9 =405 Ans. [C]
2.1 _ CoCiCyChy (1 ] ]
N C.C,...C,
If in the expansion of | x*——| the rh term is
x? C,
1+—= ... |1+
independent of x, then r equals- C,
(A)8 (B)9 _ n n-1 n-2 1
(C) 10 (D) None of these = 1+I 1+_2 1+_3 - 1+H
If rh term is independent of x, then by the
formula (- Co=Cn)
15x3-(r-1)(3+2)=0
= r-1=9=r=10. n
- @ Ans. [B]
n!
Ans. [C]
. a7 .
If (1+x)" = C, +Cyx+ Cp2+ .+ Cx  then Ex.10 In the expansion of (At 3x)’, the numerically
) ’ greatest term at x = 2/3 is -
Cpt+ 2C4+3C, + ...+ (n+1) C,, is equal to-
(A) T, B)Ts (O)T; (D)
(A) 21 (n+2) (B) 2"(n+1) -
(C) 2™ (n+ 1) (D) 2" (n+2) 2
Putting x = 1 in the given expansion, we get Sol. (4 -3x)7 = 47 [1_3_)(}
Cy+ Cp# Cy+ Cy+..Cp= 20 (1) 4
Now, differentiating the given expansion with T _ ‘7— r+1 —3x
respect to x and then putting x =1, we get T, r 4
Cy +2C,+3Cg+ ...+ nC,=n.2"1 8_r

.(2)
Given Exp.
=Cy+2C;+3C, +...+(n+1)C,
=(Cyp+C +Cy+....+C))
+(Cy+2C,+3C3+...+4nC)

=2N+p. 201

Now T, 1 2T, if8—-r=2r
2

=3r<8=r< 2§

LTS Ty <T 2Ty 2Ts.

. Numerical value of Ty is greatest.

Ans. [C]




Ex.11

Sol.

Ex.12

Sol.

Ex.13

Sol.

Ex.14

If x| < 1/2, then expansion of (1— 2x)1/2 is-

(A) 1-x— %xz e (B)1-X +%x2

1,

(C) 1+ x —Ex (D) None of these

Ans. [A]

The tenth term in the expansion of (1+ x)~3 is -
(A) - 55 x9 (B) 55 x9
(C) - 66 x10 (D) 66 x 10

The tenth term of the expansion is

1= CACDED-39)

_ B(A)(H).(1D)
o!

=_55x9

Ans. [A]

The value of /99 upto three decimals is -
(A) 9.949 (B) 9.958
(C) 9.948 (D) None of these

=+ 499 = (100 -1)1/2

=10 [1- 0.005 — 0.0000125]
=10 [0.9949] = 9.949

Ans. [A]
1. 13 1.35 .
1+ =4+ — + +....isequal to -
5 510 5.10.15
1 1
(A) — (B) =
J5 V2
© |3 ©) V5

Sol.

Ex.15

Sol.

Ex.16

Sol.

Ex.17

Sol.

fegne1s Ly 13, 135
5 510 51015

then nx =1/5 1 2
n(n—l)xz_l.S =>NnN=——,X=— —
" = 2 5

2! 5.10

oS =[1+ (-2/5)] 12

- - |9
(3/5) \fs

The coefficient of x4 in the expansion of

Ans. [C]

1+2x+3x%

1-x)?
(A) 13 (B) 14
(C) 20 (D) 22

Exp. = (1+ 2x + 3x2) (1- x)2
= (1+ 2x + 3x2) (1+ 2x + 3x2 + 4x3 + 5x4 + ..)
. Coefficient of x* =5+ 8 + 9 =22

Ans. [D]
If the coefficients of rth and (r +1)" terms in the
expansion of (3 + 7x)29 are equal, then r equals-

(A) 15 (B) 21
(C) 14 (D) None of these
We have

Tr+1 = 290r3297r (7X) r— (29Cr_3297rl7r) N
. a, = coefficient of (r +1)th term

- 29Cr' 3294 70

Now,

= 29Cr . 329—r.7r - 29 Cr-l ) 330—r 7 r-1

a=a

®C, 3  30-r
=— =

= —
29
Cr—l 7 7

:E:r=21.
7

Ans. [B]

If the fourth term in the expansion of
(px + 1/X)M is 5/2 then the value of n and p are
respectively-

(A) 6, 1/2 (B) 1/2, 6

©31 (D) 3, 1/2
The fourth term in expansion of (px + 1/x)"

T, ="Cy. (pX)"3 (1/x)3 = 5/2.

= ("C4.p"3) . x6=5/2.x0




Ex.18

Sol.

Compairing the coefficient of x and constant term
nN-6=0=n=6

and "C; (p) "8 =5/2

putting n =6 in it

6C3 p3 =5/2 = pd=1/8 = p3=(1/2)3

=p=1/2 Ans. [A]

The coefficient of x# in the expansion of

(1+ X + X2+ x3)" js-

(A)"Cy

(B)"C, +"C,

(C) "C, + "C,+"C,"C,

(D) "C4+C, + NCy."C,

Exp. = (1+ x)" (1+ x2)n

= (1+ "Cyx+ NCox2H+NCox3+ NCyx? + ...+ X7)
(1+NCyx2 + NCox4 + ...+ x2N)

. Coefficient of x* =C,+"C,."C,+ "C,

Ans. [D]

Ex. 19 If (2- x — x2 )20 = ay + a;X + a,x2+ agx3 + ..., then

Sol.

Ex.20

Sol.

the value of ag + a,+ a, + ... is-
(A) on-1 (B) 22n
(C)22n-1 (D) None of these
Putting x = 1 and x = -1 in the given expansion,
we get

ag+tag +aytagtat...=0

- +ta,—ag+ta,—..=22"
Adding 2(ay +a, + a4 +.....) = 22"
= agtay+a,+.. =221

Ans. [C]

(x+v¥x*-1)°+ (x—vx*-1)° is a polynomial

of the order of -

(A)5 (B)6
(D)8

(x+\/E)5 + (x—\/E)5

=2 [x5 +5C,.x3 (x3-1) + 5C, x(x3-1)9]
=2 [x® + 10x3 (x3-1) + 5x(x8 — 2x3 + 1)]
=10 x7 + 20x8 + 2x5 — 20x4 — 20x3 +10x

€7

Ex.21

Sol.

Ex.22

Sol.

Ex.23

.. polynomial has order of 7.
Ans. [C]

2n
. . 1
If XM occurs in the expansion of(x+—2j , the
X

coefficient of xM is -
(2n)!

) m!(2n—m)!

(2n)! 313!

@2n-m)!
(2n)!

©) (2n—mjl(4n+mjl
3 )L 3 )
(D) None of these

The general term in the expansion of the given
expression is

(B)

l r

T = ZnCr x2n-1 (_2) = ZnCr X 2n=3r
X

For the coefficient of x™, we must have

2n—-3r=m=r= 2n—m

So, coefficient of xM

_ZnC — (2n)'
T on—m)(4n+m
3 ! !
S
Ans. [C]
If the third term in the expansion of

[x + %10 ]5 is equal to 10,00,000, then X equals-
(A)10 (B) 102
(C)103 (D) No such x exists
Here T,=5C,x3 (x'%%0X)2 = 106
or x3x2/%%0X = 105
Taking log of both sides, we get
3logyg X + 2 (logyp X)2 =5
or 2(10g;5X)? + 5 10939 X — 2 10g;o X —5=0
or (logygx—1) (2logg x+5)=0
orx=100r2logux+5=0

Ans.
[A]

The greatest integer in the expansion of
(1+ x)2M+2 js-




Sol.

Ex.24

Sol.

Ex.25

Sol.

(2n)! (2n+2)!
® (n1)? ®) [(n+D)17°
© (?n +2)! (D) (2n)!

n'(n+1)! n'(n+1)!

The coefficient of (r+1)t term in the expansion of
(1+x)"*2 will be maximum.
< (2n+2)+1
2

r<(n+l)+1/2
r=n+1
= Maximum coefficient = 2"*2C
_ (2n+2)

(n+D)(n+1)!
_ (2n+2)!

[(n+1)!7?
[B]
The greatest integer which divides 101100 — 1 js
(A) 100 (B) 1000
(C) 10,000 (D) 100,000
101100 _ 1= (100+1)100_1
= 100100+100C, 10099+190C, 10098+ ..+ 1 -1
= 100100 + 100C,100%° + 100 C, 1009 + ..+

Ans.

100Cy4 1001

=100(100% +100C, 100 98+ ...+ 100 C o)
=100 (10099 +100C,100% + ...+

100 40 100 + 100C o)
=100(10099+100C,; 10098+ ....+100C4¢100 + 100)
= 1002 (100% +100C, 10097+ ...+ 100C, + 1)
.. the greatest integer which divides given
number = 1002 = 10,000

Ans.[C]
The sum of the rational terms in the expansion of
(2 +3Y%)1 is equal to
(A) 40 (B)41 (C)42
Here T,,; = 10Cr (\/E )10-1 (315 yr,
wherer=0, 1, 2, ....,10.
We observe that in general term T, powers of

(D)0

2 and 3 are %(104) and %r respectively and

0 <r <10. So both these powers will be integers
together only whenr =0 or 10
.. sum of required terms

Ex .26

Sol.

Ex.27

Sol.

=T+ Ty
=10C( J2 )10+ 10c, , (31/5) 10
=32+9=41
Ans.
[B]

The coefficient of the term independent of x in
3., 1Y

the expansion of (1+ x + 2x3) | =x% —— | is-
2 3X

(A) 1/3
1/4

(B) 19/54 (C) 17/54 (D)

9
(1+ x + 2x3) 3 L
2 3X

= (1+ x + 2x3) i °c (Exzjg_r(—iy
—~ 2 3x

=(1+x+2x3) =

[T )
Sl )

Clearly, first and third expansions contain term
independent of x and are obtained by equation
18 — 3r =0 and 21-3 r = 0 respectively.

So, coefficient of the term independent of

9-6 6
s (Y
2 3
9C39’7 1Y) 7 7 _ 17
L3 (L) =L L= 17
2 3 18 27 54
Ans. [C]

If (1+ X)" = Cy+ CyX + CoX2 + ...+ C X", then 3C,
-5C; +7C, + ..+ (-1)" (2n+ 3) C,, equals-

(A)1 (B) 2(2n +3) 2"
(C)(2n+3) 201 (D)0
We have

3Cy—5C; +7Cy+ ..+ (-1)1 (2n+3) C,,
=3Cy—3C, +3C, + ..+ (-1)13C, - 2C, + 4C,
+ .4 (1) 2nC,
=3(Cg-Cy# Cy + ..+ (1) C,)
—2(C{-2C, + ... (-1)"nC,)
=3x0-2x0=0. Ans. [D]




Ex.28 If the sum of the coefficients in the expansion of
(1+2x)" is 6561, the greatest term in the expansion

forx=1/2is -

(A) 4th (B) 5th

(C) 6t (D) None of these
Sol. Sum of the coefficients in the expansion of

= (1+ 2x)" = 6561
= (1+2x)" = 6561 when x = 1
=31=6561= 3"=38=n=8

Now, i = Ci(2)" _ 9 . 2x
T fCa@0™
T 901 [+ x = 1/2]
T, r
. h >1 = E >1

r r

=9-r>r :>2r<9:>r<4%

Hence, 5t term is the greatest term.

Ans. [B]

Ex29 I (r +1) term is >=--&=1) (1

r
— |, then this is
r! 5

the term of binomial expansion-

2\L/2 o\ V2
A) [1_§j ®) (1_gj

o\ L2 2\V2
© (1+ gj (D) (1+ E]

r
o T 2SED (1

IR

r! 5




