INDEFINITE

INTEGRATION

(KEY CONCEPTS + SOLVED EXAMPLES)




INDEFINITE INTEGRATION

I. Integration of a Function

2. Basic Theorems on Integration

3. Standard Integrals

4. Methods of Integration

5. Integrates of Different Expression




KEY CONCEPTS

Integration of a Function |

Integration is a reverse process of differentiation. The integral or primitive of a function f(x) with respect to x is that
function (x) whose derivative with respect to x is the given function f(x). It is expressed symbolically as -

[reaax=000
Thus

[ If(X)dX =¢0(x) = % [4 091 = () ]

The process of finding the integral of a function is called Integration and the given function is called Integrand. Now,
it is obvious that the operation of integration is inverse operation of differentiation. Hence integral of a function is also
named as
anti-derivative of that function.

Further we observe that-
d o

—(X“)=2x

™ (x°)
i(x2 +2)=2xt = J.Zxdx = x2 + constant
dx
d4 (x% +k)=2x
dx

So we always add a constant to the integral of function, which is called the constant of Integration. It is generally
denoted by c. Due to presence of this constant such an integral is called an Indefinite integral.

Basic Theorems on Integration

If f(x), g(x) are two functions of a variable x and k is a constant, then-

(i) J'k f(x) dx = kJ'f(x) dx.
(ii) J'[f(x)ig(x) dx = J.f(x)dx J_rJ’g(x)dx
(i) d/dx( j f(x)dx ) = f(x)

(iv) j(dixf(x)] dx = f(x)

Standard Integrals
The following integrals are directly obtained from the derivatives of standard functions.

IO.dx:c

ii. Il.dx =x+c

i, jk.dxzkx+c(keR)

n+l

iv. Ix” dx= =X
n+1

+c (n-1)

V. J.ldleogex+c
X




Vi. Iex dx=eX+c

X

vii. J-axdx: a +c=a*logae+c
log
viii. jsinxdx:—cosx+c
iX. Icosxdx:sinx+c
Itanxdleogsecx+c:—logcosx+c
Xi. Icotx dx=logsinx+c

Xii. Isec X dx = log(secx+tanx)+c

= — log(secx — tan x)+c

=log tan X +cC
4 2

Xiii. J.cosec x dx =—log (cosec x + cot x) + ¢
= log (cosec x — cot xX) + ¢ = log tan (2) +cC

Xiv. Isec Xtan x dx =sec x + ¢

XV. Icosec X cot X dx = —cosec X + ¢
XVi. Isecz x dx =tan X + ¢

XVii. J.cosecz X dx =—cotX + ¢

Xviii. jsinh xdx =coshx+c¢

XiX. Icosh xdx=sinhx+c

XX. Isechz x dx = tanh x + ¢

XXi. jcosechz xdx =—coth X + ¢
XXii. J-sech X tanh x dx =—sechx +¢

cosech x coth x =—cosech x + ¢

1., (X
XXIv. J. 7, x= —tan! | —|+cC
X a a
_[ = —Iog a)+c
x? - 2a X+a

XXVi. Iaz dx-2—I g(zi2]+c

XXiii.

XXV.




XXVii. J’\/idx—sml()(j+c
=—cos? (5j+c
a
X
XXViii. J.\/idx—smhl( j+c
=log (x + Vx?+a?)+c
X
XXiX. j\/idx coshl(—j+c

=log (x + Vx?—a? ) +c

XXX. J. a? —x? dx

2
X a? . X
=ZVa?-x>+Z sint Z+¢
2 2 a

XXXI. I\/xz +a? dx

2
X a? . .x
= 2 JYx?+a’+ = .sinh1Z +¢
2 a

2
XXXii. IVXZ —a%dx
2

X a
== x—a——cosh1 +cC
2 2 a

1 X
XXXiii. dx= =sect—+c
a

j 1

xvVx? —a? a
XXXIV. J-eax sin bx dx
ax

=_° 2(asinbx—bcosbx)+c
a“+b

ax
= e—sin{bx—tan1 (EJ}+ c
va? +b? a

XXXV. J.eax cos bx dx

ax

e .
= a cos bx + b sin bx) + ¢
a® +b? (

& b
-— % cos {bx—tan1 “lie
a®+b? a

Methods of Integration

When integration can not be reduced into some standard form then integration is performed using following methods-
(i) Integration by substitutions

(if) Integration by parts

(iii) Integration of rational functions




(iv) Integration of irrational functions
(v) Integration of trigonometric functions
4.1 INTEGRATION BY SUBSTITUTION:
Generally we apply this method in the following two cases.
(i) When Integrand is a function of function -

ie. I £ [6()] ¢ (x) dx

Here we put ¢ (x) = t S0 that $'(x) dx = dt
and in that case the integrand is reduced
to j f(t) dt.

Note:
In this method the integrand is broken into two factors so that one factor can be expressed in terms of the function
whose differential coefficient is the second factor.

(i) When integrand is the product of two factors such that one is the derivative of the other i.e.
= I £/(%) F(x) dx.
In this case we put f(x) =t and convert it into a standard integral.

(iii) Integral of a function of the form f (ax + b).

Here we put ax + b = t and convert it
into standard integral. Obviously if

J’ £(x) dx = ¢(x), then

jf(ax+b) dx = §¢(ax +b)
(iv) Standard form of Integrals:

@ j% dx = log [f(})] + ¢

[ff’]xl]n-#l ‘e

0 [IFGOT 109 ax = =

(provided n = —1)

© jf'(x) dx =2 JF00 + ¢

Vi(¥)

(v) Integral of the form
I dx
asinx+b cosx
puttinga=rcos 6 and b =r sin 6. we get

_ dx 1
I = Im = rJ.cosec(x+e)dx.

| =

log tan (x/2 + 6/2) + C

r

= 1 jogtan (2 + 1/2 tant bfa) + ¢
Va? +b?

(vi) Standard Substitutions : Following standard substitutions will be useful-

Integrand form Substitution

(i) va?—x? or X =asin 6 or




1

a? —x?

(i) Vx?+a®or X = atan 0 or
1

x=acot®or x=asinh 0

X=acos0

x? +a’?

(iii) Vx%—a? or X=asecO or
1

X =acosec O orx=acosh 0

Vx? —a?

. fx /a+x

(iv) [— or /—= x=atan’0
a+x X

or Jyx(a+x) or ﬁ

W) |2 or 22X
a-x X
)

or x(@a-x X =asin?0
1
or ————
Jx(@-x)
. X _ )
(vi) ,[—— or X =asec’o

X—a
/x—a
— or
X
JX(x—a) or

(vii) 1/u or X = a cos 20
a+Xx
[a+x

a—x
L [X—a .
(viii) B_ or X = o.cos? 0 + B sin0
—X

Jx=a)(B-x)
(B>a)
4.2 INTEGRATION BY PARTS :
4.2.1 Ifuand v are two functions of x, then

[I(u.v) dx = u (J.vdx)f j[g—i] (Ivdx)dx.]

ie. Integral of the product
= first function X integral
—j' [(derivative of first) x ( Integral of second)]

Note :

of
of

two
second

functions
function




(i) From the first letter of the words inverse circular, logarithmic, Algebraic, Trigonometric, Exponential functions,
we get a word ILATE. Therefore first arrange the functions in the order according to letters of this word and then
integrate by parts.

(if) For the integration of Logarithmic or Inverse trigonometric functions alone, take unity (1) as the second function.
4.2.2  If the integral is of the formJ.eX [f(x) + f'(x)]dx, then by breaking this integral into two integrals, integrate

one integral by parts and keep other integral as it is, By doing so, we get-

[Iex[f(x)+f'(x)]dx = & f(x) + ]

423  If the integral is of the form I[xf’(x)+f(x)]dx then by breaking this integral into two integrals integrate one

integral by parts and keep other integral as it is, by doing so, we get
(] D00 + 160 ldx = xF () +¢ )
4.3 Integration of Rational functions:
4.3.1  When denominator can be factorized (using partial fraction) :
Let the integrand is of the form % , Where both f(x) and g(x) are polynomials. If degree of f(x) is greater than degree
g(x
of g(x) then first divide f(x) by g(x) till the degree of the remainder becomes less than the degree of g(x). Let Q(x) is
the quotient and R(x), the remainder then

1)~ gpg + R
g(x) 9(x)
Now in R(x)/g(x), factorize g(x) and then write partial fractions in the following manner-
(i) For every non repeated linear factor in the denominator, write
1 - A + B
(x-a)(x—b) x-a x-b
(ii) For repeated linear factors in the denominator, write-
1 __A + B
(x-a)’(x—-b) (x-a) (x—a)?
c_, D
(x-a)°  (x-b)
(iii) For every non repeated quadratic factor in the denominator, write
1 _ _Ax+B N C
(ax® +bx+c)(x—d) ax?+bx+c x-d

+

Note :

(i) If integrand is of the form _ then use the following method for obtaining partial fractions-
(x+a)(x+b)

Here =1 { a-b }
(x+a)(x+b) (a—b) | (x+a)(x+h)

1 (x+a)—(x+Dh)
" (@a-b)| (x+a)(x+b)

_ 1 {1 - 1}
_(a—b) X+b x+a

(ii) If integrand is of the form —— > then X 1 { (b—a)x }
(x+a)(x+h) (x+a)(x+b) b-a | (x+a)(x+b)




_ 1 b(x+a)-a(x+b)
b-a (x+a)(x+b)

_ 1 b . a
b-a|x+b x+a

4.3.2  When denominator can not be factorised:
In this case integral may be in the form

. dx .. (px+0q)
® J.ax2+bx+c a dx

ax? +bx+c
Method:
(i) Here taking coefficient of x> common from denominator, write -
2
X2 + (b/a) x + c/a = (x + bj2a)? — 2 - Tac
a
Now the integrand so obtained can be evaluated easily by using standard formulas.
(if) Here suppose that px + q = A [diff. coefficient of (ax?+bx+c)]+B

=A(Rax+b)+B ..(1)
Now comparing coefficient of x and constant terms.
we get A = p/2a, B = q- (pb/2a)
2ax+b

L 1=PRa | ———— dx
J.a1x2+bx+c

pb dx
+ —_— _—
[q ZaJJ.ax2+bx+c

Now we can integrate it easily.
4.3.3 Integration of rational functions containing only even powers of x.

To find integral of such functions, first we divide numerator and denominator by x?, then express numerator as d(x
+ 1/x) and denominator as a function of (x = 1/x).

4.4 Integration of irrational functions :
If anyone term in Nr or Dr is irrational then it is made rational by suitable substitution. Also if integral is of the form-

Id—x IVax2+bx+c dx
Vax? +bx +c
then we integrate it by expressing

ax?+bx+c=(X+a)+p
Also for integrals of the form

PX+q )
———dx, |(px+Qq) vax“ +bx+c dx.
I\/ax2+bx+c J.

First we express px + g in the form

px+q=A {di (ax? +bx + c)} + B and then proceed as usual with standard form.
X

4.5 Integration of Trigonometric functions :
Here we shall study the methods for evaluation of following types of integrals.

L (i) Jd—x

a+bsin?x




.. dx
i) | ————
(i J.a+bcoszx

(i) j dx

acos® X + bsin xcosx +csin? x

dx
iv
W) -[(asin X +bcosx)?
Method :
Divide numerator and Denominator by cos? x in all such type of integrals and then put tan x = t.
. () jd—x
a+bcosx
. dx
i) | ———
i J.a+ bsin x
(iii) j &
acosx+ bsin x
. dx
iv
W) jasinx+bcosx+c
Method :
In such types of integrals we use following formulae for sin x and cos x in terms of tan (x/2).

2 tan()z(J 1-tan? ()z(j
— 27 cosx= — 22
1+tan?[ X 1+tan?[ X

2 2

and then take tan(x/2) = t and integrate another method for evaluation of integral
(iii) puta=rcos a, b =rsin a, then

sinx =

| = EJ.—dX
rdsin(x+a)

1J.cosec(x+oa)dx .
r

1 log tan (X/2 + a/2) + ¢
r

1
va? +b?
psin X 4+ Ccosx
asin X +bcosx

sin X
Ip— dx
asin x +bcosx

COSX
[ e g,
asin X +bcosx

For their integration, we first express Nr. as follows-
Nr = A (Dr) + B (derivative of Dr.)
Then integral = Ax + B log (Dr) + C

Some Integrates of Different Expression
of &*

log tan X tantP e
2 2 a

dx

. ae” «_
(M) J.b+cex dx [put e* =1]




. 1
 [geaen®

(xii)j\/ll_x dx

—e

(xiii)J' 11 — dx
+e

. 1

(xiv) J‘\/x_ldx
e .

(xv)I 21 1dx
e p—

(xvi)J. 1-e* dx
(xvii) j 1+e* dx

(xviii) J}/ex ~1dx

[Multiply and divide
by e and put e™*=t]
[Multiply and divide
by e and put e™*=t]
[Multiply and divide
by €]

mform
f(x)

[Multiply and divide bye™?]

[Integrand = tanh? X]

[Integrand = coth? X]
[Integrand = 1/4 sech? X]
[Integrand=1/4cosech? X]

[Multiply and divide by e*

and put e* = 1]
[Multiply and divide bye>?]

[Multiply and divide by e?]

[Multiply & divide by e*?]

[Multiply and divide by
\/E e*2]

[Integrand
=(1-eM/V1-e*]
[Integrand
=(1+e)/vi+e* ]
[Integrand

= (¥ —1)/VeX 1]




X
(xix) .HZX J_r: dx [Integrand

= (e* + a)/ Ve** —a?




SOLVED EXAMPLE

Ex.1

Sol.

Ex.2

Sol.

Ex.3

Sol.

Ex.4

Isinz(XIZ)dx equals-

1 . 1
(A) > (x+sinx)+c (B) E(x+cosx)+c
(©) % (x—sinx) + ¢ (D) None of these

1-cosx dx

HereI:I

= % (Xx—sinx) +c¢ Ans.[C]
J.cot2 x dx equals -

(A)—secx+x+c
(C)-sinx+x+¢c

(B)—cotx—x+c¢
(D) None of these
j (cosec? x — 1) dx

=—cotx—x+c Ans. [B]

I X+ 7 dx equals-

(A) 5x + 7 log x (B) 7x +51log x +c
(C)5x+7logx+c (D) None of these

I5X;7 dx=.[(57x+£jdx

=j5dx+j;=5j1dx+7j§dx

=5x+7logx+c Ans.[C]

1 3
I[x —;j dx, (x > 0) equals-

3
x* 3 1

A) —- —x?+3logx+— +c¢

(A) 3 2 g 5

2X
4
X 3 1
B) —-—x2+3logx+—+c¢
(B) 3 32 g P

4
X 1

C) —+3logx+——+c

© 2 9x+ =3

(D) None of these

Sol.

Ex.5

Sol.

Ex.6

Sol.

J-(x —%)3 dx

:J. x3—3x2.1+3x.i—i Edx
X x2 X3

[ (a—b)3 = (a® - 3a%h + 3ab?2 — b3)]

= I[x3 —3x+§—isj dx
X X

Ix3 dx—ijdx +3J‘§dx—'[i3dx
X

X 3+1 X1+1 X -3+1

= -3. + 3log x —
3+1 1+1 -3+1

+cC

X4

= ——§x2+3logx+i +C
4 2 2x2

Ans.[B]
6
1+x2

The value of I( +10"]dx is -

(A) 6 tan-t x + 10% log, 10 + ¢

10*

(B)6tanlx + +C
log, 10

X

(C)3tan*1x+|10 +c

og, 10

e

(D) None of these

I( 6 5 +10dex
1+Xx

=6 I1+1x2 dx +I10de

X
=6tanlx+

+
log 10
Ans.[B]

I(tan x +cotx)? dx is equal to-

(A)tanx—cotx +c
(C)cotx—tanx +c

(B) tanx + cotx + ¢
(D) None of these

I=I(tan2x+cot2x+2)dx

= j(sec2 X + cosec2x) dx




=tanx-—cotx+c Ans. [A] Sol. J‘sec2 (ax + b) dx, putting ax+b=t,

adx + 0 =dt ordx:E
a

Ex.7 fsin 2x sin 3x dx equals-

1 Jsec2 (ax + b) dx :J.sec2 tE
(A)E(sinx—sin5x)+c a
1 -1 Jseczt dt
(B) — (sinx—sin5x) +c¢ a
10 1
1 = Ztant+c
(C) — (5sinx—sin5x) +c¢ a
10 1
(D) None of these =S an (ax+Db)+c
(Putting the value of t)
Sol. 1= % j [cos(—x) —cos5x]dx Ans.[C]
1. sin 5x
=5 |ShXm— +C Ex.10 .f dx is equal to-
xlog x
:% [5 sin X — sin 5x] + ¢ Ans. [C] (A) log (xlogx) +¢c  (B) log (log x + X) + ¢
(C)logx+c (D) log (log x) + ¢
2 1 1 1
Ex.8 J. ;( dx equals- Sol. I dx = j— ——dx
x% -1 x log x X log x
_ 1
(A) x + log X—1+c (B) x + log /x_+1+ c putlogx =t, —dx =dt
x+1 x-1 X
% . Ide: % dt
_ og x
(C)x +log X—1+C(D)x+log X—+1+c
Xx+1 x-1 1
_[—dt: logt+c=log (logx) +c
ol X141 t
ol. I 2 X (putting the value of t = log X)
= I(l+ 21 ]dx Ans.[D]
x°-1
-x+£|og x-1 +C Ex.11 [sec?x cos (tan x) dx equals
5 il X. J. X (tan x) dx equ
1 (A)sin (cosx) + ¢ (B) sin (tan x) + ¢
=x + log il +C Ans.[A] (C) cosec (tan x) + ¢ (D) None of these
Sol. Let tan x = t, then sec? x dx = dt
s I=]costdt=sint+c
Ex.9 I sec? (ax + b) dx equals- I
L =sin (tanx) + ¢ Ans.[B]
(A)tan (@ax+b)+c  (B) Sanx+c Ex.12 jtan“ X sec? x dx equals-
1 n-1 n-1
(C) =tan (ax + b) + ¢ (D) None of these A) an" "X, . 8) an” "X, .
a -1 n+1




(C) tan™lx + ¢ (D) None of these
Ex.15
Sol. Itan” X sec? x dx

putting tan x =, sec? x dx = dt

tann+1
n+1

Itan”xseczxdx:It”dt: +cC

_ (tan x)"tt ‘e
n+1
Sol.
Ans.[B]
sin 2x
1+cos* x
(A) cos1(cos?x)+c (B)sin?(cos?x)+c
(C) cot1(cos?x) + ¢ (D) None of these
Here differential coefficient of

Ex.13 I dx is equal to-

Sol.
cos? X is — sin 2x
Letcos?x =t
.. 2¢0s X (—sin x) dx = dt
or sin 2x dx = —dt
. J sin 21< dx = —dt2
1+cos™ X 1+t
=cotlt+c
=cot? (cos? x) + ¢

Ex.16

Sol.
Ans.[C]

Ex.14 dx equals-

J- be*
Va + be*

(A) %\/a+beX +c (B) % va+hbe* +c

(C)2 va+be* +¢

Ex.17

(D) None of these

Sol. dx, putting a + bex=1t

[

a+be*

bex dx = dt
be*

o [——dx=

J.\/a+bex " '[

=2+va+bhe* +c¢

Sol.

dt
— =2t+c
Jt

Ans.[C]

_[ 1+cosx

dx equals-
1-cosx

(A) log cos (gj +c¢ (B) 2log sin [g) +cC
(C) 2 log sec (gj +c (D) None of these
I:J- f1+cosx dx
1-cosx
2
_ I 20952 (x/2) dx
2sin“(x/2)

= j cot(gj dx

=2 log sin (g) +cC Ans.[B]
I_— “tanxdx equals-
Sin X COsX
(A) 2/secx +¢ (B) 2+tanx +¢
(C)2/tanx +¢ (D) 2 /+/secx + ¢
I:J‘—“tanx sec? x dx
tan x
2
sec” x
= dx=2+tanx +¢
J.\/tan X
Ans.
[B]
Isin ®x. cos3 x dx is equal to-
) -8 6 8
A) sin®x sin X+c(B) COs"X COS"X
6 8 6 8
cos® x sin®x
© e + ¢ (D) None of these

jsinsx . cos3 x dx

Assumed that sin x =t
. cos x dx =dt

= [ - dt= (e - t) dt

5 18
= ——+C
6 8




Ex.18

Sol.

Ex.19

Sol

Ex.20

Sol.

sin®x  sin®x
= — +C
6 8
Ans.[A]
2
dx is equal to-
I1+ x8

(A) tanx3 + ¢ (B) tan1x2 + ¢

(D) 3tanx3 + ¢

© % tan1x3 + ¢

Putx3:t:>x2dx:% dt

'.I:EI t = Lantxerc
371+t> 3

Ans.
[C]

L/“—X dx equals-
1-x

(A)sin1x+ V1-x? +¢
(B) sin*1x+\/x2——l+c
(©) sinflx—\/1—7+c
(D) sinflx—\/E+c

I:I\/gdx

=sinlx—1-x? +¢
[C]

Ans.

The primitive of log x will be-

(A)xlog (e +x)+c (B)xlog[§j+c

(C) x log (%) +cC (D) x log (ex) + ¢

flog xdx = Ilog x.1dx

[Integrating by parts, taking log x as first part and
1 as second part]

= (log x).x —H%} . X dx

Ex.21

Sol.

Ex.22

Sol.

=xlog x — J.l.xdx=(xlogx—x)+c
X

=X (logx-1) + c =log (%) +C
Ans. [C]

J.xtan’1 X is equal to-
1
(A) E(X2+1) tanlx-x+c
1
(B) E(x2+1)tan*1x+x+c
© %(x2 +1) tanflx—%x +C

1 1
D) = (x2-1)tanlx—-=x+¢
(D) 5 ( ) >
Integrating by parts taking x as second part

2 2
I:X—tanflx—J‘ ! .X—
2 1+x% 2

1

= ix2 tant x — L 1- dx
2 2 1-x?

1 1 1
—x2tanlx— Ex+5tan*1x+c

dx

%(x2 +1) tan! x—% X+c  Ans. [C]

Isin (log x) dx equals-

(A) - sin (Iogx+g)+c

J2
(B) % sin (log x—%) re
© % cos (log x—%) +cC

(D) None of these
jsin (log x) dx, assumed that x = et
sodx=etdt
= _fsin t.et.dt
ot
Ji+1
= Isin (log x) dx

sin(t —tan11) + ¢




Ex.23

Sol.

Ex. 24

Sol.

Ex.25

= Lsin (Iogx—£)+c
V2 4
Ans.
[B]
X
I X 5 dx is equal to-
(x+1)
e)( X
A +c B +cC
® (B8) ——
eX
© S t+cC (D) None of these
(x+1)
I= jex w dx
(x+1)2
= Iex L-i-_—lz dx
X+l (x+1)
=eXf(x) +c
e)(
= +cC Ans. [B]
X+1

Ix3(log x)2 dx equals-

(A) 3%x4 [8 (logx)2—4logx+1]+c
(B) S%X“ [8 (logx)2—4logx—1] +¢

© %x“ [8 (log x)2+ 4 logx + 1] +¢

(D) None of these
Integrating by parts taking x3 as second part

1 1
— T w4 2_= 3
I 4x(Iogx) 2J'x log x dx

1 1(1 1
Zx4log x)2—= | =x*logx ——x* |+ ¢
4 (log x) 2(4 g 16 J

3% X*[8 (logx)>— 4 log x +1] + ¢

Ans. [A]

The value of jx sec X tan x dx is-

(A) xsec x +log (sec x +tanx) + ¢
(B) x sec x — log (sec x —tan x) + ¢
(C) xsec x + log (sec x —tanx ) + ¢
(D) None of the above

Sol.

Ex.26

Sol.

Ex.27

Sol.

'fx .(sec x tanx) dx

= (X. sec x) — j(l.sec X) dx

(Integrating by parts, taking x as first
function)
=xsecx—log(secx+tanx) +c

secx —tan x
=xsec X—log<(secx +tanXx) ——— ¢+ ¢

secXx —tan x

sec’ x—tan? x
=xsecX—log| —— [+¢

secX —tan x
=xsecx+log(secx—tanx) + ¢

Ans.
[C]

X +Ssin X
I dx equals-

1+cosx

X X X
A) —tan | — |+¢C B) —tanx+c
A) 5 [2) (B) 5

(C) x tan (§j+c (D) xtanx +¢

| = J-x+25|n(x£2)cos(x/2)dx
2cos°(x/2)

- 1 2
= jxsec (x/2)dx + jtan(x/z)dx

= X tan (x/2) fjtan (x/2)dx+jtan (x/2)dx

X
=xtan| = |+c.
(2]

Iex (X_1§3 dx equals-
X+

Ans.[C]

X X

€ +cC (B) € +cC
+1

)= X+1 X

X X

e

(x+1)2
Cfox| X+1-2
I—je l:—(x+1)3}dx

= Iex 1 ——2 dx
(x +1)2 (x+1)3

Thus the given integral is of the form

e

+C
(x+1)2

(©)

+c (D) —




= [ )+ /()3 dx

eX

Sl=eXf(x) = X117

+C

Ans.[C]

Ex. 28 f sec30do is equal to- Sol.

(A) % [tan6 secH + log (tanb + secB)] + ¢
(B) %tan 0 sec 0 + log (tan® + sech) + ¢

© % [tan © sec 6 — log (tan6 + secO)] + ¢

(D) None of these
Sol. | = J.sec. sec20. do

= I\/tan2 0-+1sec’0do
I\/tz +1dt, wheret=tan 0

% t2+1 +%Iog (t+\/t2 +1) +c

Ex.31

% [tan6 secO + log (tan6 + secH)] + ¢

Ans. [A]

ICOSX +Xsin x
X(X +C0SX)

Ex.29 dx is equal to-

(A) log {x (x + cos X)}+ ¢ Sol.

(B) Iog( X j+c
X+ COSX

X +COSX
+C
x+cosxj

© Iog[

(D) None of these

Sol I_J‘(x+cosx)—x+xsinx
' X (X +€0SX)

:jldX_J. 1-sin x dx
X X +COSX
=logx—log (x+cosx) +c

X
=log ( ] +c
X +C0SX
[B]
Ex.30 I\/secx —1dx is equal to-

(A) 2 sin (\2cosx/2) + ¢
(B) -2 sinh (v2 cosx/2) + ¢

(C) -2 cosh™ (v/2 cosx/2) + ¢
(D) None of these

I_J- fl—cosxdx
COSX

_I J2sinx/2
= | ——dx
V2cos? x/2-1

-5 _[ dt
t2 -1
=-2coshlt+c
= -2 coshL + (7/2 cos x/2) +c
[C]
J‘ x2+1
x-1)(x-2)

(A) log [(X_i)j}+c

where t = \/E cos x/2

AnNs.

dx equals-

(B)x+|og{

-1°
(C) x + log {((:_2))5} +cC

(D) None of these

Here since the highest powers of x in Num" and
Den' are equal and coefficients of x2 are also
equal, therefore

(x=2° 1, ¢
(x-1)°

B
-2

x2 +1
x-D)(x-2)

El+i+
x-1

x

Onsolvingwe get A=—2,B=5
2
Thus X—+l =1-— i+ i
x-1)(x-2) x-1 x-2
The above method is used to obtain the value of
constant corresponding to non repeated linear

factor in the Den'.

=x—-2log(x—1)+5log(x-2)+¢




:x+log{(x_2)s}+c Z%

2
(x—1)2 (”1) L2
3 9
Ans.[B] . X+[1j
= Zx—tanl+ 3
2 3 2 J213
Ex.32 The value of I 5 )2( dX2 2 is-
(X“+a%) (x* +b%) I S (3x+l]+c
(A) 21 2 |:btanl§—atan1£:|+c 2 V2
b -a b a Ans.[A]
1 _ _
(B) R {atan l%—btan 12} c Ex.34 I\/1+x—2x2 dx equals-
1 oL W2 (4x-1
© 1 btan‘15+atan‘1§ te (A)g(4x—1) 1+Xx—-2x° + o sin 3 +cC
b? -a’ b a
(D) None of these (B)%(4x 1)1t x—2x2 _93%3"]1 (%) ‘e
Sol. Putting x2 = y in integrand, we obtain
y 1 { b? a’ } (C)%(4x “D)V1+x—-2x> + 93%0051 [%j+ c
2 NI 2 2
b b* — b
(y+af)(y+b7) a Ly y+a (D) None of these
1 b? a’ 1 X
L= : dx — dx Sol. 1=+2 | |==|x?*-Z|dx
b? —a? Ux2+b2 Ix2+a2 } \/—-[ 2 [ 2)
1 a1 X -1 :l 9 2
= btan™——-atan ™ — |+ ¢ - =~ x—=
bz_az[ —\/Ej {16 (X 4} dx
2
7z Hx_zj {3_(x_éj }
Ans.[A] 2\7 4)1]16 4
dx
Ex33 [———equals- 9 a4, 1
J‘3x2+2x+1 TS {3 X2 e
A T (3X+1j+ = 1(4x “1)V1+x—2x% + 92 sint [4X_1]+ c
V2 V2 8 32 3
Ans. [A
(B) % sint (3?1}% ; [A]
2 2 Ex.35 I%equals-
3-5x—
(©) L ot (3X+1] + "
V2 V2 (A) sint (%} +c
37
(D) None of these
2X+5
1 dx (B) cos? ( ) +
Sol. 1= ——F— 7
X+ X+ _
3 3 (C)sint (2x+5) +c¢

(D) None of these




Ex.36

Sol.

Ex.37

Sol.

_sint X+5/2 re
J371

N

J37

=sin1! (ZXJFSJ c Ans.

[A]

I\/(azx——l dx is equal to-
(A) m +secleX +¢
(B) \/E —seclex+¢
© \/E —secleX+¢

(D) None of these

2Xx
J‘e -1 dx
Ve -1

2e2x X

I\/ < \/EZX -1 o

eX¥—1-seclex+c

Ans.[C]

e*+a , .
I ” dx is equal to-
e* —a

(A) cosh-? ( XJ+ sec” [i} c
a a

(B) sinh ! [i} sect (i} c
a a

(C)tanhl(;}cos— ( J+c

(D) None of these

J-e+a

m|’°x

X X
—j ¢ dx+aj ¢
Ie2x_a2 eX /e2x_a2

Ex.38

Sol.

Ex.39

Sol.

Ex.40

e* e*
=cosh?t| — [+sec?l| —|+¢C
a a

Ans.[A]

is equal to-

J‘ dx
4sin? X +4sin X cosX +5¢0s? X

(A) tan? [tan X+ %) +c
(B) ltan*l tan x+1 +C
4 2

(C)4tant (tan X+ %) +C

(D) None of these
After dividing by cos? x to numerator and
denominator of integration

I_J- sec? x dx
Atan? X +4tan X +5
.[ sec? x dx
(2tanx+1)>+4
1 [ 2tanx+1
— tant | 0T ke
2.2 2

Ans. [B]

1-x )
I(—j dx is equal to-
1+Xx

(A)X—4log (x+1) + —+— +¢
X+1

(B) x—log (x +1) + i+c
x+1
4
(C)x—4log (x+1)——— +c
x+1

(D) x + log (x +1) — —— +¢
X+1

J-[Z (x +1)]
(x+1)2

= I %_i—i_l dx
(x+1)° x+1
4
=— ———4log(x+1)+x+c
X+1
Ans.

[C]

e
J‘ﬁequals-
e“" +5e" +6




Sol.

Ex.41

Sol.

Ex.42

Sol.

(A) log (e +3j +cC
e +2

| e"+2
(B) log [ SJ +C

e* +
©) = Iog (e +2J+c
+3

(D) None of these
PuteX=t= e*dx =dt

dt dt
I= =
Jt2+5t+6 I(1+2)(t+3)
- J(L_L]dt
t+2 t+3
= log[ 112 t+2 - log e +2 ‘e
t+3 e*+3

Ans. [B]

equals-

_[ dx
X +/X
(A) 2log (VX ~1)+ ¢ (B) 2log (Vx +1) +c
(O tanlx+c (D) None of these

_ dx
i et

_ ¢ 2tdt
_It2+t

where 2 = x

dt
=2 |—=2lo +1)+c
J.t+1 g(\/; )

Ans.[B]

I = J‘ﬂ dx is equal to-

9e* —4e

35

(A) — x +— ” log (9e*—4e™) +¢c

(B )—1—6x + 35 log (9¢* —4e™) +¢c

1 1 « -
© £x+ glog (9e* —4e™) + ¢
(D) None of these
Suppose 4e* + 6e* = A (9e* — 4e7™) +

B (9e* + 4e7)
By comparing 4 =9A + 9B,

6=—4A+4B

orA+B= g,—A+B:

N | w

After solving A = 18 ,B= 35

36 36
_J- 19 35(9e* +4e7*
= [| -2 22T gy
36 36| 9e* —4e7*
19

35
=——x+—Ilog (9e*-4eX) + ¢
36 36 9 )

Ans.[B]

sin1V/x

J1-x
(A) 2[Vx —V1-xsintyx ]+ ¢
(B) 2[Vx +1-x sint/x ]+ ¢
©) [Vx —V1-xsintVx]+¢c
(D) None of these

Sol. Let x = sin? t, then
dx = 2sintcostdt

Ex.43 _[ dx equals-

:'[L.Zsintcostdt
cost

:thsintdt

=2[-tcost+sint] +c¢

=2[Jx —Vl-xsintyx]+c
Ans. [A]
Ex.44 dxe uals-
[ o
(A)\/x2+ax—2\/ax+a2—acoshl[ X+a}+c
a

(B) VX2 +ax +ax+a? —acosht + [ X—HJC
a

(C) VX2 +ax — 2Jax +a? +a cosh? ( mJ+c
a

(D) None of these

Sol. Let x =atan? 0 = dx = 2atan 0 sec2 0 do
= J-\/g(tane—l).Zz:ltan95e026de
N \/ESECG

=2a [J'tan2 0secO de—jsecetane do]




= Ix2 +ax -2 Jax+a? —acosh ! [ x+a}+ c
a
Ans. [A]
5
Ex.45 j dx equals-
1+x3
(A) S(x3 —2)V1+x3 +e
(B) é(x3 +2)V1+x3 +c
(C) (3+2)v1+x3 +¢
(D) None of these
Sol. Putl+x3=t2= 3x2dx =2tdt
3
n1= X (xdx) = gj(tz—l)dt
Vi+x3 3
3
= g t__t +C
313
= % E(l+x3)3’2 —\/1+x3}+ c
= g Vi+x3 (1+x3-3)+c
=§ —2) V1+x3 +¢ Ans.
[A]
2tan 1 x
Ex. 46 JM dx is equal to-
1+x?%)
(A) xe™ X +c  (B) xe?™ X +c
(C) 2xe¥™ X 4 ¢ (D) None of these
Sol. Putting the value of 2 tan-1 x =t

=2a [J‘\/sec2 9 —1 tan 0 sec 0 dO —sec 0]

=2a j\/tz —1 dt— 2a sec 0 + ¢ [Where sec 0 = 1]

=2a | L —1—lcosh‘1(t) ~2a 1/a+x +c
2 2 a

=a X_—i_ai_acoshl[ X_HJ
a a a

~24ax+a? +c

Ex.47

Sol.

Ex.48

Sol.

Ex.49

1
I= EI {L+tan(t/2)} dt
= lJ. [sec —+2tan t}dt
2 2
1
= > et (2 tan t/2)
=eltan %: xe2@ X 4 ¢ Ans.
[B]

If1= J‘COS_lx/; dx and

jo Isin‘lx/;—cos‘lx/;
sintvx +cos T x

dx, then J equals-

(A) x—-41 (B)x+1
©x- 21 @) =

i 4
Here

=2 J.{sin’lx/;—cos’lx/;}dx
s
2(mn =)
= —(E—Zcos \/;jdx

T

[~ sin? V/x +cos? V/x =g 1

= Idx— % jcos’1 Jx dx

=x-21.
i

Ans. [C]

Which value of the constant of integration will
make the integral of sin 3x cos 5x zero atx =0
(A)O (B) —3/16

(C)-5/16 (D) 1/8

1¢,. .
I —Ej(sm 8 X —sin 2x) dx

1| cos8x co0s2x
= - + +cC
2 8

AtX:O’I:7i+£ +C
16 4

S I=0=>c=-3/16

|fj'

Ans. [B]

X .
=tan | —+a | +c, then value of a is
1+sinx 2




Sol.

Ex. 50

T T
(A) 2 (B) 2
©n ©) 3
_ dx
= -[1+sin X

_ J- dx
~ Jtcos{(n/2)-x}

dx =

[—2 I0gL(x-1)2(+1)]

(x -1 (x% +1)

1 . .
-3 tan-1 x + k where k is any arbitrary constant,

then a is equal to

(A) 5/4 (B) -5/3

Sol.

(C)-5/6 (D) -5/4
_ 2x+3 _ A N Bx +C

(x-1)(x*>+1) x-1 x241
=2X+3=A(X2+1) + (Bx + C) (x -1)...(1)
Now putting x =1, we get 5 =2A = A= 5/2
Equating coefficients of similar terms on both
sides of (1),
we get,
-B+C=2,A-C=3
= C=5/2-3 =-1/2

B=-12-2=-5/2

5,1
L= Ej x 22 gx
2 7x-1 x?+1

5 5 . 2x 10 1
= —log(x-1) — — dx - = dx
oo [ e

5 5 1
= = log(x-1) — = log(x% +1) — =tan-ix +c
> g(x-1) 2 o( ) >

= log [(x-1)%2 (x? + 1)-54] — %tan*l X+C

s.a=-5/4. Ans. [D]




